Abstract. In this paper, we study on knots and closed incompressible surfaces in the 3-sphere via Morse functions. We show that both of knots and closed incompressible surfaces can be isotoped into a "related Morse position" simultaneously. As an application, we have following results.
Introduction
Morse theory had a tremendous impact on low-dimensional topology. Bridge positions of knots that developed by Schubert ([6] ) and Heegaard splittings of 3-manifolds that developed by Heegaard ([3] ) are independent of Morse theory, but those can be explained integrally by Morse theory.
A bridge position of a knot is defined by using a Morse function from the 3-sphere to the 1-dimensional Euclidean space with two critical points so that any maximal critical point of the knot is situated above any minimal critical point. This general idea was expanded to a notion of thin position by Gabai, and he settled the Property R conjecture ( [1] ). Thin position also brought a celebrated solution of the knot complement conjecture by Gordon and Luecke ( [2] )
In this paper, we show that we can isotope a closed incompressible surface to a related Morse position in the complement of a knot placed in a bridge or thin position. Then as an applications, we show smallness of Montesinos tangles with length two, and classification of closed incompressible and meridionally incompressible surfaces in 2-bridge theta-curve and handcuff graph complements.
Result
Let K be a knot in the 3-sphere S 3 and h : S 3 → R be the composition of the inclusion S 3 ⊂ R 4 and the height function R 4 → R defined by (x, y, z, w) → w. We say that K is in a Morse position with respect to h if the restriction of h to K is a Morse function. Let a 0 , . . . , a n be the critical points of K which are labeled so that the corresponding critical values t i = h(a i ) satisfy t i−1 < t i for all i. For a regular value s i ∈ (t i−1 , t i ), P i = h −1 (s i ) is called a level sphere between a i−1 and a i . The width of K is w(K) = n i=1 |P i ∩ K|. A knot K is in thin position if w(K) is minimal up to isotopy of K. A level sphere P i between a i−1 and a i is said to be thin if a i−1 is a local maximum and a i a local minimum. Similarly, a level sphere P i between a i−1 and a i is said to be thick if a i−1 is a local minimum and a i a local maximum. A knot K is in bridge position if there is only one thick level sphere P n+1
2
. Then, the bridge number of K is b(K) = |P n+1 2 ∩ K|/2. A knot K is in minimal bridge position if b(K) is minimal up to isotopy of K. For each thick level sphere P i between a i−1 and a i , we define the thick region of K as h −1 ([t i−1 + ǫ, t i − ǫ]) for a sufficiently small positive real number ǫ. Then, no thick region contains a maximum or minimum of K, and the rest of all thick regions in S 3 contain all maxima and minima of K, each of which is called a thin region of K. Any thick region contains only one thick level sphere, and any thin region, except for the top 3-ball and the bottom 3-ball, contains only one thin level sphere. Let M thin be the disjoint union of all thin regions of K, and M thick the disjoint union of all thick regions of K.
Let F be a closed surface in S 3 disjoint from K or intersecting K transversely. We say that F is in a Morse position with respect to h if the restriction of h to F is a Morse function. The critical points of K and F are assumed to be mutually disjoint. Moreover, we say that F is in a Morse position related to K if the following conditions are satisfied.
(1) F is in a Morse position with respect to h, (2) F and K are in general position and F ∩ K is contained in M thick , (3) all maxima and minima of F are contained in M thin , and all saddles of F are contained in M thick .
These three conditions are easily satisfied for any closed surface F . We prepare definitions to describe the next condition (4) .
Let M be a 3-manifold, T a 1-manifold properly embedded in M , and F a surface properly embedded in M such that F is disjoint from T or intersects T transversely in the interior of F . An isotopy φ t of F in (M, T ) should be assumed that φ t (F ) and T are in general position for all t ∈ [0, 1]. We recall the definitions about incompressible surfaces and meridionally incompressible surfaces.
First, suppose that there exists a disk D in M −T such that D ∩F = ∂D and ∂D is essential in F − T . Then by cutting F along ∂D and pasting two parallel copies of D, we have a new surface F ′ . We say that F ′ is obtained from F by compressing F along D, and D is called a compressing disk for
Next, suppose that there exists a disk D in M such that D ∩ F = ∂D and D intersects T in one point of the interior of D. Then by cutting F along ∂D and pasting two parallel copies of D, we have a new surface
In the case that F is a 2-sphere intersecting T in two points, we say that F is meridionally incompressible in (M, T ) if F does not bound a trivial (3-ball, arc)-pair in (M, T ). We note that this definition is slightly different from a usual one as a matter of convenience. Theorem 2.1. Let K ⊂ S 3 be a knot in a Morse position with respect to h and F ⊂ S 3 be a closed surface disjoint from K or intersecting K transversely such that F is incompressible (and meridionally incompressible) in (S 3 , K). Then F can be isotoped so that;
(1) F is a thin level sphere, or (2) F is in a (meridionally) essential Morse position related to K.
Remark 2.2. We remark that for a level sphere P in M thick , any loop of F ∩ P does not bound a disk in P − K when F is incompressible. Moreover, any loop of F ∩ P does not bound a disk in P intersecting K in one point when F is meridionally incompressible.
Example 2.3. Let K be a composite knot of two trefoils, and F be the decomposing sphere for K. If we put K in a bridge position, then by Theorem 2.1, F can be isotoped so that F is in a meridionally essential Morse position related to K. See If we put K in a thin position, then by Theorem 2.1, F can be isotoped so that F is in a thin level sphere. See Figure 2 .
A 3-manifold M is said to be small if any closed incompressible surface properly embedded in M is ∂-parallel. Analogously, a knot K ⊂ S 3 is small if the exterior A Montesinos tangle T (r 1 , . . . , r n ) is defined as a series of n rational tangles of slope r i (i = 1, . . . , n). See Figure 3 . We note that if r i = ∞ for some i, then T (r 1 , . . . , r n ) is splittable by a properly embedded disk, and that if r i is an integer, then the length n of T (r 1 , . . . , r n ) can be taken short. For this reason, it is reasonable to assume that r i = ∞ and r i is not an integer for all i. Example 2.5. As a corollary of Theorem 2.4, we can show that Kinoshita's theta curve is small. Kinoshita's theta curve is known as a most popular theta curve, which is normally illustrated as Figure 4 . It is known to be minimally knotted and hyperbolic. Therefore, the exterior is ∂-irreducible by [5] . We shorten an edge and obtain an another form of Kinoshita's theta curve as in Figure 5 . Then, the 2-string tangle on the left-hand side is a Montesinos tangle with length two and the right-hand side is a trivial H-shaped graph tangle. Hence, the exterior of Kinoshita's theta curve is homeomorphic to the exterior of the Montesinos tangle. Therefore, Kinoshita's theta curve is small by Theorem 2.4. Let G be a theta curve or handcuff graph embedded in S 3 . We say that G is in a Morse position with respect to h if the restriction of h to each edge of G is a Morse function. In this paper, we assume that near each vertex v of G, three edges either go up or go down from v. We say that a theta curve or handcuff graph G in a Morse position is 2-bridge if there exists a level 2-sphere P which intersects G in 5 points other than vertices and critical points.
Let F ⊂ S 3 be a closed surface disjoint from G or intersecting edges of G transversely. Concerning the definition for F to be meridionally incompressible, we say that F is meridionally incompressible in (S 3 , G) if F is not parallel to ∂N (v) for a vertex v of G, together with the definition for knot case. Theorem 2.6. Let G be a 2-bridge theta curve or handcuff graph in S 3 , and F be an incompressible and meridionally incompressible surface. Then F is isotopic to a sphere with one maximum and one minimum illustrated in Figure 6 . Figure 6 . incompressible and meridionally incompressible surface in 2-bridge theta curve or handcuff graph complements As a corollary of Theorem 2.6, we obtain the Motohashi's result ( [4] ) about composite 2-bridge theta curves. A theta curve G is composite if there exists a 2-sphere which intersects each edge of G in one point and decompose G into two non-trivial theta curve. By Theorem 2.6, the decomposing sphere is isotopic to a sphere with one maximum and minimum as Figure 7 . Hence, G is decomposed into two rational theta curves, that is, a theta curve obtained by pasting a rational tangle and a trivial H-shaped graph tangle.
Preliminary
Let S be a 2-sphere and T a 1-manifold properly embedded in S × I. In this section, we consider incompressible surfaces embedded in (S × I, T ), with the projection p : S × I → S × {0} and the height function h : S × I → I. Let F be a surface properly embedded in S × I such that F is disjoint from T or intersects T transversely in the interior of F . An isotopy φ t of S ×I is called a horizontal isotopy if h•φ t = h for all t ∈ [0, 1]. A surface F is said to be horizontally ∂-parallel in S ×I if there exists a horizontal isotopy φ t of S × I such that p • φ 1 is a homeomorphism on F . We say that F is T -compressible in (S × I, T ) if there exists a disk D in S × I 
Lemma 3.1. Let S be a 2-sphere, X a union of points in S, and
Proof. After a suitable horizontal isotopy of S × I, we may assume that p is a homeomorphism on F . Moreover, by a suitable horizontal isotopy of S × I fixing F , we may assume that p is a homeomorphism on (X × I) ∩ V since X × I is monotone in S × I, where V is a 3-manifold bounded by F and p(F ) in S × I. Then p((X × I) ∩ V ) consists of disjoint arcs embedded in p(F ). See Figure 8 .
Suppose that there exists an arc α of (X × I) ∩ V such that ∂α is contained in F . We note that the vertical disk p
Hence, any arc of (X × I) ∩ V connects F and p(F ) monotonously, and F is ∂-parallel in (S × I, X × I).
Lemma 3.2. Let S be a 2-sphere, X a union of points in S, and F ⊂ (S ×I, X ×I) an incompressible surface in a Morse position with respect to h. Suppose that the number of critical points of F is minimal up to isotopy of F in (S × I, X × I). If F has a maximal critical point, then F is ∂-parallel in (S × I, X × I).
Proof. If F is horizontally ∂-parallel in S × I, then by Lemma 3.1, F is ∂-parallel in (S × I, X × I). So, hereafter we assume that F is not horizontally ∂-parallel in S × I.
Let a 0 , . . . , a n be the critical points of F which are labeled so that the corresponding critical values t i = h(a i ) satisfy t i−1 < t i for all i, and let a m be the lowest maximal critical point of Let F max be the maximal horizontally ∂-parallel subsurface of F containing a m , that is, a component of
, for an integer j (≤ m) as large as possible and a fixed sufficiently small positive real number ǫ.
Since
Therefore, by a suitable horizontal isotopy of S × I, we may assume that p is a homeomorphism on F max . Then, F max is isotopic to
We note that intV ∩ F = ∅ since a m is the lowest maximal critical point of F . Moreover, by the minimality of the number of critical points of F , F max has only one maximal point a m and (|∂F max | − 1)-saddle points.
Hereafter, we consider the critical point a m−j . If a m−j is a saddle point, then the saddle transformation at a m−j can be regarded as attaching a horizontal rectangular band B to F ∩ (S × [t m−j + ǫ, t m + ǫ]) in a usual way. Otherwise, since a m is the lowest maximal point, a m−j is a minimal point, and can be regarded as attaching a horizontal disk E to F ∩ (S × [t m−j + ǫ, t m + ǫ]). There are the following possibility for the critical point a m−j . 
. This contradicts the maximality of F max .
In Case 2, by an isotopy of F max to F ′ max and pushing out it through F ′ max , the maximal critical point a m and the saddle point a m−j are mutually canceled without increasing the number of critical points of F . This contradicts the minimality of the number of critical points of F .
In Case 3, there exists a vertical compressing disk
Then, by an isotopy of D ′ to D and a suitable isotopy of F , the saddle point a m−j is eliminated without increasing the number of critical points of F . This contradicts the minimality of the number of critical points of F .
In Case 4, there exists a vertical compressing disk D for F max ∪ B, as same as Case 3. Actually, this disk D gives a compressing disk for F in (S × I, X × I) since ∂D is essential in F . This contradicts the incompressibility of F in (S × I, X × I).
In Case 5, first we consider the case that F max is a disk. If p(F max ) contains p(E), then F = F max ∪ E is a 2-sphere which bounds a 3-ball V ′ . We note that
. Hence F bounds a 3-ball V ′ in S × I − X × I, and this contradicts the incompressibility of F in (S × I, X × I). Otherwise, F max ∪ E is isotopic to a level 2-sphere h −1 (t m−j ) in (S × I, X × I), but this contradicts the assumpution that F is not horizontally ∂-parallel in S × I.
Next, we consider the case that F max is not a disk. In this case, p(F max ) does not contain p(E). Hence, F max ∪E is isotopic to a planar surface in h −1 (t m−j ), and there exists an isotopy of F max ∪ E so that it has only one maximal point a m and (|∂F max | − 2)-saddle points since a saddle point of F max and a minimal point a m−j are mutually canceled. This contradicts the minimality of the number of critical points of F .
Hence, any case does not occur, the lemma is proved.
The next lemma is a special case of Lemma 3.2. In the case that the number of strings is less than or equal to 5, incompressible and meridionally incompressible surfaces are very restricted. Lemma 3.3. Let S be a 2-sphere, X a union of points in S less than or equal to 5, and F ⊂ (S × I, X × I) an incompressible and meridionally incompressible surface in a Morse position with respect to h. Suppose that the number of critical points of F is minimal up to isotopy of F in (S × I, X × I). Then, one of the following holds.
(1) F has no critical point and any loop of F ∩ (S × {t}) does not bound a disk
Proof. If F has a maximal or minimal critical point, then by Lemma 3.2, F is ∂-parallel in (S × I, X × I) and we have a conclusion 2 of Lemma 3.3.
Hereafter, we assume that F has neither a maximal nor minimal critical point, and suppose that F has a saddle point a s . Let F s be a component of F ∩h −1 ([h(a s )− ǫ, h(a s )+ǫ]) containing a s . Then, at least one of boundary components of F s bounds a disk in S ×{h(a s )±ǫ} which is disjoint from X ×I or intersects X ×I in one point. Therefore, there exists a horizontal compressing disk or horizontal meridionally
Since F is incompressible and meridionally incompressible in (S × I, X × I), there exists a disk D ′ in F such that ∂D ′ = ∂D and D∪D ′ bounds a 3-ball in S ×I −X ×I or a trivial (3-ball, arc)-pair in (S × I, X × I). Moreover, since D is horizontal, D ′ contains at least one maximal or minimal critical point. This contradicts the assumption and hence F has no critical point. Similarly, if there exists a loop of F ∩ (S × {t}) which bounds a disk D in S × {t} such that |D ∩ (X × I)| ≤ 1, then it contradicts the assumption. Therefore, we have a conclusion 1 of Lemma 3.3.
Lemma 3.4. Let (B, T ) be a rational tangle, F a surface properly embedded in B which is disjoint from T or intersects T transversely. If F is incompressible and meridionally incompressible in (B, T ), then one of the following holds.
(1) F is ∂-parallel in (B, T ).
(2) F is a disk separating two strings of T .
Proof. Let B be the north hemisphere {(x, y, z, w) ∈ R 4 |x 2 + y 2 + z 2 + w 2 = 1, w ≥ 0}, and h : B → R be the height function defined by (x, y, z, w) → w. Since (B, T ) is a rational tangle, T can be isotoped so that the restriction of h to T is a Morse function with two maximal critical points. Let S a level 2-sphere below two maximal points of T , and put
. We isotope F so that F is a Morse position with respect to h. In the same way as Claim 4.1, we may assume that F ∩ M thin consists of incompressible disks which separate two strings of T ∩ M thin . Hereafter, we suppose that |F ∩ M thin | and the critical points of F are minimal up to isotopy of F in (B, T ). Then each component of F ∩ M thin is an incompressible disk with only one maximal critical point, and by the proof of Claim 4.2, each component of F ∩M thick is incompressible and meridionally incompressible in (M thick , T ∩ M thick ). Hence, by Lemma 3.3,
In the latter case, if F ∩ M thick is ∂-parallel into S, then F can be isotoped so that it is entirely contained in M thin . Since (M thin , T ∩ M thin ) is a trivial tangle, F is compressible or meridionally compressible in (M thin , T ∩ M thin ). This contradicts the incompressibility or meridionally incompressibility of F in (B, T ∩ B). Otherwise, F ∩ M thick is ∂-parallel into ∂B, and we obtain the conclusion 1 of Lemma 3.4.
In the formar case, F ∩ M thick has no critical point and for any level 2-sphere P in M thick , any loop of F ∩ P separates four points of T ∩ P into two points and two points in P . It follows that F ∩ M thick is a vertical annulus disjoint from T . Hence, F is a disk separating two strings of T , and we have the conclusion 2 of Lemma 3.4.
Proof
Proof. (of Theorem 2.1) First, we focus the thin regions where M 1 is the top 3-ball, M 2 , . . . , M k−1 are thin regions which contain thin level spheres S 2 , . . . , S k−1 respectively, and M k is the bottom 3-ball, where 
) admits a product structure, there exists an isotopy of ∂N 
, and it can be pushed out from
Hence, F ∩ M i consists of incompressible disks with only one minimal/maximal critical point or vertical incompressible annuli in (
Hereafter, we suppose that |F ∩ M thin | is minimal up to isotopy of F in (S 3 , K) under such conditions, and moreover that the number of critical points of F ∩ M thick is minimal among all Morse positions of F . 
. This is a contradiction to the minimality of |F ∩ M thin |. Finally, in the case that F is meridionally incompressible in (S 3 , K), the proof is similar to the case that F is incompressible.
By the above, the conditions (1), (2) and (4) in Section 1 are satisfied. Moreover, if F ∩ M thick does not contain a maximal or minimal critical point, then the condition (3) is satisfied. Hence F is in a (meridionally) essential Morse position related to K, and we have the conclusion 2 of Theorem 2.1.
Hereafter, we suppose that F ∩ M thick has a maximal or minimal critical point, and we will show that F is isotopic to a thin level sphere, which is the conclusion 1 of Theorem 2.1. Without loss of generality, let a m be the lowest maximal critical point of F ∩ M thick in a thick region. Then, by Lemma 3.2, a component
, and it is compressible in the trivial tangle. Therefore, without loss of generality, we may assume that F max is isotopic to a planar surface contained in ∂M 
by a horizontal isotopy, we can take ∆
has only one critical point and A ± i is vertical. Now, we isotope F max so that it is contained in ∂M
This contradicts the incompressibility of F in (S 3 , K) and we have 
. It follows that F is isotopic to a thin level sphere S i , and we have the conclusion 1 of Theorem 2.1.
In Case 2, F ′ max is a horizontally ∂-parallel planar surface in (M We note that S ∩ D = ∅ since a rational tangle contains no closed incompressible and meridionally incompressible surface, and that any loop of S ∩ D is parallel to ∂D in D − T . By Lemma 3.4, each component P of S ∩ B i is ∂-parallel in (B i , T i ) or a disk separating two strings of T i . If there exists a component P of S ∩ B i of the latter type, then r i = ∞ and this contradicts the hypothesis for r i . Hence, by the minimality of |S ∩ D|, both of S ∩ B 1 and S ∩ B 2 consist of ∂-parallel disks that are not parallel into D. By connecting these components of S ∩ B i , we have a 2-sphere S which is ∂-parallel in (B, T ).
By Claim 4.3, F
′ is a ∂-parallel 2-sphere in (B, T ). Now, we recover F from F ′ by tubing F ′ along T . Then F is ∂-parallel in B − intN (T ), hence the Montesinos tangle T (r 1 , r 2 ) is small. Remark 4.4. In general, Montesinos tangles are not small. Tsutsumi informed me that Montesinos tangles with length more than two are not small. Actually, any closed incompressible and meridionally incompressible surface in a Montesinos tangle T (r 1 , . . . , r n ) are parallel to ∂(B i ∪ · · · ∪ B j ), where B i , . . . , B j are successive two or above rational tangles. Then, we perform a meridional tubing along T i ∪ · · · ∪ T j and obtain a closed incompressible surface which is not ∂-parallel in the exterior of T (r 1 , . . . , r n ).
Proof. (of Theorem 2.6) Let G be a 2-bridge theta curve or handcuff graph, F an incompressible and meridionally incompressible closed surface in (S 3 , G). In the same way as the case of knots, we decompose S 3 into M thin = M 1 ∪ M 2 and M thick , where M 1 is the top 3-ball and M 2 is the bottom 3-ball. Then, one vertex and the maximal critical point of G are contained in M 1 , and another vertex and the minimal critical point of G are contained in M 2 . Moreover, by the proof of Theorem 2.1, we may assume that F ∩M 1 are consists of incompressible disks in (M 1 , G∩M 1 ) each of which has only one maximal point and disjoint from G, F ∩ M thick consists of incompressible and meridionally incompressible surfaces each of which has no minimal/maximal critical point, F ∩ M 2 are consists of incompressible disks in (M 2 , G ∩ M 2 ) each of which has only one minimal point and disjoint from G. Suppose that |F ∩ M thin | and the number of critical points of F ∩ M thick is minimal up to isotopy of F in (S 3 , G). By Lemma 3.3, F ∩ M thick has no critical point or F is ∂-parallel in (M thick , G ∩ M thick ).
In the latter case, F can be isotoped so that it is entirely contained in M thin . Then, F is compressible or meridionally compressible in (M thin , G ∩ M thin ) since G∩M thin is contained in a disk properly embedded in M thin . This is a contradiction.
In the formar case, F ∩ M thick has no critical point and for any thick level 2-sphere P for G, any loop of F ∩ P separates five points of G ∩ P into two points and three points in P . It follows that F ∩ M thick is a vertical annulus, and F is a sphere with one maximum and one minimum. Hence, F is a 2-sphere illustrated in Figure 6 .
